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≡ 0 (mod k) and n > n 0 (k), then there is a universal cycle for the k-subsets of [n] .
Comment: Jackson, Hurlbert, Chung, Diaconis, and Graham proved the conjecture for k ≤ 5 and for k = 6 when (n, k) = 1 (see [2] and [4] ). Jackson [5] constructed universal cycles for 4-subsets when n ≡ 2 (mod 8) and n ≥ 10, with the aid of a computer, completing the proof of the conjecture for k = 4. In the same paper, universal cycles of 5-subsets for (n, 5) = 1 and n ≥ 8 were constructed, also with the aid of a computer, thus completing the proof for k = 5 as well. Stevens et al. [6] showed that universal cycles of the (n − 2)-subsets of an n-set do not exist when n > 3.
Universal cycles of the k-element multisets from [n] have also been considered. They are obtained for k = 3 and (n, 3) = 1, for k = 4 and (n, 4) = 1, and for k = 6 and (n, 6) = 1 in [3] in this issue. Universal cycles of multisets for k = 3 and k = 4 were also considered earlier in [4] . A standard de Bruijn cycle of order n is a cyclic arrangement of 2 n binary digits such that the subwords of length n are distinct; these exist for all n. The standard proof shows that a de Bruijn cycle of order n corresponds to an Eulerian circuit in the corresponding de Bruijn graph of order n.
PROBLEM 477. Questions and Refinements for Classical Universal Cycles
A universal cycle for a set S of k-tuples from an alphabet is a cyclic arrangement of |S| characters such that the k-element subwords are the elements of S. An easy generalization of the de Bruijn cycle technique can be used to establish the existence of a universal cycle of the k-permutations of an n-set whenever k < n (see [4] , for example).
From an algorithmic point of view, this technique is unsatisfying, because constructing the universal cycle by this method requires constructing the graph, and the space needed is typically exponential. The general open problem is to develop spaceand time-efficient algorithms for generating universal cycles. For example, the de Bruijn cycle of length 2 n can be generated by an algorithm that uses O(n) space and O(2 n ) time by using the Lyndon word generation algorithm of Fredricksen and Kessler [3] that was analyzed in Ruskey, Savage and Wang [6] (see also Berstel and Pocchiola [1] ). Ruskey and Williams [7] gave an algorithm for constructing a universal cycle for the (n − 1)-permutations of an n-set that uses O(n) space and takes constant time between the output of successive characters in the universal cycle.
Also useful is a compact way to find the position of a given object in the cycle. A ranking function for S is a bijection from S to the first |S| positive integers; the corresponding unranking function is its inverse. The Cutting-Down Problem asks for which m with 1 ≤ m ≤ |S| there exists universal cycles for an m-subset of S. The Enumeration Problem asks for the number of distinct universal cycles for S. The Generation Problem asks for an efficient algorithm to list all the universal cycles for S.
We ask these questions for two types of sets S. Let P n,k denote the set of k-permutations of the n-set [n] . As noted before, Jackson [4] showed that universal cycles exist for P n,k .
Let P n be the set of permutations with ties on n. These can be written as a permutation of [n] with consecutive symbols separated by = or <. Alternatively, we can list for each element i the number of <-signs preceding it. For example, 3 = 1 < 2 and 010 represent the same object, and (0001201101021) is a universal cycle for P n when n = 3. Diaconis and Graham [2] showed that universal cycles exist for P n .
Problem 1: (Explicit Algorithim) Find an efficient algorithm for constructing an explicit universal cycle of P n,k for 2 < k < n − 1 (or prove that none exists).
Problem 2: (Explicit Algorithim) Find an efficient algorithm for constructing an explicit universal cycle of P n .
Question 3: (Enumeration Problem) How many different universal cycles of P n,k and/or P n exist? Problem 4: (Generation Problem) Describe an efficient algorithm for listing all the universal cycles of P n,k or P n .
Question 5: (Ranking and Unranking Problem) Are there simple ranking and unranking algorithms that are consistent with explicit universal cycles for P n,k and/or P n (For k = n − 1 this is solved in [7] )? Question 6: (Cutting-Down Problem) For which integers m do there exist universal cycles for m-subsets of P n,k and/or P n ?
Comment: The Cutting-Down Problem is solvable for classical de Bruijn cycles. That is, for each integer m with n ≤ m ≤ 2 n , there is a cyclic binary arrangement of length m in which no n-tuple appears more than once.
As a variant on the Enumeration Problem with k = n, Knuth [5] describes a universal cycle of permutations as a cycle of n! digits from [n] such that each permutation occurs exactly once as a block of n − 1 consecutive digits, with its redundant final digit suppressed. When n = 3, (121323) 35 . The problems for P n are sensible, because universal cycles exist for P n for all n [2] . This holds by a generalization of the standard construction for de Bruijn cycles and universal cycles of permutations. One constructs a transition digraph whose edges correspond to permutations with ties. One can show that this digraph is strongly connected and any circular rotation of a permutation with ties is still a permutation with ties, thus the transition digraph is eulerian. Any eulerian circuit of this digraph corresponds to a universal cycle of the permutations with ties.
PROBLEM 478. Universal Cycles for Partitions of an n-Set

Persi Diaconis
Depts. of Statistics and Mathematics, Stanford Univ., Palo Alto, CA, USA diaconis@math.stanford.edu Unordered partitions of the n-set [n] can be represented by words of length n. For two symbols i and j, we put i and j in the same block of the partition if the ith and jth entries in the word are equal; otherwise they are in different blocks.
A universal cycle for such partitions must use at least n symbols due to the partition using blocks of size 1. When n = 4, (122221123424112) is a universal cycle using only 4 symbols. Note that 1222 represents the partition [{1}, {2, 3, 4}], but that also 3111 would represent the same partition. It is known that universal cycles of the partitions of [n] using only n symbols always exist for all n ≥ 4 [1] .
Question: Although the existence problem is settled, the ranking and unranking problem, cutting down problem, enumeration problem, and generation problem for universal cycles of set partitions all remain open. (See previous problem for definitions.) Comment: They are likely to be quite difficult since partitions can be represented in multiple ways. [1] 
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. Let G(k, n) denote the set of k-subspaces (that is, k-dimensional subspaces) of F n . A cycle (a 1 , . . . , a |G(k,n)| ) of elements of F n is a universal cycle for G(k, n) if every element of G(k, n)has a basis consisting of k consecutive elements of the cycle. Many problems involving universal cycles were posed by Chung, Diaconis, and Graham [1]. Question 1: Does there exist a universal cycle for G(k, n) whenever n ≥ k + 1?
Comment:
The construction of a universal cycle when k = 1 and n ≥ 2 is trivial. In this issue, Buhler, Jackson, and Mayer [2] give a recursive construction of universal cycles whenever k = 2 and n ≥ 3.
The construction starts with a simultaneous universal cycle of the 1-subspaces and the 2-subspaces of Comment: A possible step toward answering Question 2 could be the following, which is easy to do when k = 1. Comment: This question has been answered affirmatively for ''square'' tori (the case R = S and m = n). The binary case (k = 2) was solved by Fan, Fan, Ma, and Siu [1] and the general case by Hurlbert and Isaak [2] . The problem was also solved for m = n = 2 by Hurlbert, Mitchell, and Paterson [3] .
As with universal cycles, one can also consider de Bruijn tori for many other combinatorial structures. Knuth [2] showed that for every n, one can list the weak orders on [n] so that two consecutive objects differ by one of the two elementary operations a i ↔ a j or a i ← a j . The first operation exchanges two values; the second copies the second value onto the position of the first (The values in the two positions can be any two). 2 is 000, 001, 201, 101, 102, 100, 120, 110, 210, 010, 012, 011, 021 . This question was originally posed by Felsner and Trotter [2] . Their paper also discusses the connection of these Gray codes with colorings of the diagrams of interval orders. Progress could provide insight into the (in)famous ''middle two levels'' problem of whether or not there is a Hamilton cycle for the middle two levels of an odd-order Boolean lattice. Recently, Biro and Howard [1] proved for all n that the subsets of size at most 3 can be so ordered. The Stomachion is a puzzle consisting of 14 pieces that tile a square. The Stomachion is perhaps the world's oldest puzzle and is thought to have been invented by Archimedes, 2200 years ago. Chung, Diaconis, Graham, and Holmes found 268 different solutions to Archimedes' Stomachion puzzle (assuming two solutions that differ by a reflection or rotation are considered to be the same). Independently, Bill Cutler verified by computer that these are the only solutions to this puzzle. For more information about the Archimedes' Stomachion puzzle see [2] . Three pairs of regions must always appear together in the puzzle, leading to the reduced set of 11 pieces in Fig. 1 , called STOMACH at [1] .
Problem 1: Find a minimal change ordering of all the solutions to Archimedes' Stomachion puzzle.
The definition of ''minimal'' is deliberately not given as finding suitable candidate definitions is part of the challenge of the problem. One candidate move is a flip or a rotation of a symmetric sub-region; In [1] this is called a simple move and a cycle by these simple moves through 266 of the 268 solutions is given. The remaining two configurations cannot be reached from these by simple moves.
Problem 2:
A related question is to find how many ways a large integer-sided square of side length n can be tiled by one of the Stomachion pieces, for example, the right triangle with sides 1 and 2. When n is large (or even 10) there are some rather non-obvious tilings, e.g., such that the vertices don't lie on integer points of the lattice. A partially ordered set (or poset) is a set P together with a binary relation ≤ on P that is reflexive, transitive, and antisymmetric. A linear extension of the poset is an order-preserving permutation of the elements. Given a poset P, let G(P) be the graph whose vertices are the linear extensions of P and whose edges join those extensions that differ by transposing two adjacent elements. For example, if P is a 3-element antichain (no two elements are related), then G(P) is a 6-cycle.
Let G (P) denote the supergraph of G(P) where edges join extensions differing by any (possibly non-adjacent) transposition. In the same example as above, G (P) is the complete bipartite graph K 3,3 . The graph G (P) (and hence G(P)) is bipartite.
Conjecture:
If the two partite sets of G(P) have the same size, then G(P) is Hamiltonian. A weaker form of the conjecture replaces G by G .
Comment:
This conjecture was posed originally in [2] . The conjecture, or its weaker form, is known to be true in several cases. The strong form: when P consists of disjoint chains [4] . The strong form: when P is the product of a 2-element and n-element chain [3] . The weak form: when every non-maximal element of P is covered by at least two other elements (this includes the boolean lattice [1] ).
The conjecture may be quite difficult, since the problem of determining whether a poset satisfies the hypotheses is #P-complete.
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In Gray code problems, we want to list a set of combinatorial objects so that consecutive objects differ in a restricted way. The existence of a Gray code is equivalent to finding a Hamiltonian path (or cycle) in an associated graph where the vertices are the objects and vertices are adjacent if they differ in the required way.
The associated graph often is quite symmetric: it may be vertex-transitive, or it may be a Cayley graph. A famous question of Lovász asks whether all (undirected) Cayley graphs are Hamiltonian (see [1] ). Schemes for generating combinatorial Gray codes in many cases provide new examples of Cayley graphs with Hamiltonian paths or cycles, from which we might hope to gain insight into Lovász's question.
Non-Hamiltonian examples are known in the case of directed Cayley graphs. Let G n be the Cayley graph generated by the transposition (1, 2) and the cycle (1, 2, . . . , n) . It can be proved that G n is not Hamiltonian when n is even using a theorem of Rankin [2] (see also Swan [4] ). Nevertheless, Ruskey, Jiang, and Weston [3] showed that G 5 is Hamiltonian and that G 6 has a Hamilton path. Later, McKay and Ruskey showed that G n is Hamiltonian for n ∈ {7, 9, 11}.
